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Abstract

Previous research in hyperbolic discounting has focused on the role of illiquid
assets as commitment tools. However, this paper shows that due to an income effect,
the consumer has an incentive to use liquid financial assets as commitment devices to
resolve her self-control problem. The lower the intertemporal elasticity-of-substitution
and the more sophisticated the consumer, the higher the commitment demand. A
steady-state analysis shows that commitment demand accounts for 29% of the value
of the financial asset in Laibson’s quasi-hyperbolic discounting model.
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1. Introduction

Economic agents use a variety of commitment tools to manage their self-control
problems. One of the most successful models to explain agents’ commitment incentive
is quasi-hyperbolic time preferences, developed by Strotz (1956), Phelps and Pollak
(1968), and Laibson (1997).! In particular, Laibson (1997) investigates the role of
illiquid assets as a commitment tool and shows that this commitment tool can im-
prove the welfare of the economy.? Since Laibson (1997), there has been considerable
research investigating the role of commitment tools, but similar to Laibson (1997),
most papers have focused only on illiquid assets as commitment tools®, and to the
best of my knowledge, the role of liquid assets as a commitment tool has not been
considered in the literature.* This could be due to a common belief that the return
on liquid assets is realized in the near future period, so the return can be directly
connected with overconsumption but cannot be transferred to wealth in the distant
future. However, previous literature has mostly overlooked the income effect, in
which today’s high savings increase future financial income and thus future savings.
Through the income effect, today’s savings can contribute to future wealth, which
implies that today’s savings can be a commitment to future wealth and consumption.

Theoretically and quantitatively, we show that this commitment incentive through

! Present-biased time preferences have been the subject of extensive research in psychology and
economics for several decades. Empirical evidence has suggested that animal and human behavior is
short-term oriented and that their discount functions are closer to hyperbolic than exponential. See
Thaler (1981), Ainslie and Haendel (1983) and Loewenstein and Prelec (1992). Strotz (1956), Phelps
and Pollak (1968), Pollak (1968), Goldman (1979), Laibson (1997) and O’Donoghue and Rabin
(1999) apply the theory of quasi-hyperbolic discounting to consumption-savings decision problems.

2In a complete financial market (i.e., there exist liquid assets in which returns are equal to or
higher than the return on illiquid assets), the illiquid asset cannot be the commitment tool because
the consumer can borrow against the illiquid asset by borrowing against the liquid assets.

3There is considerable literature related to commitment incentives under time-inconsistent
preferences. After Strotz (1956) first formalizes the value of commitment devices under time-
inconsistent preferences, Laibson (1997) introduces welfare-improving commitment illiquid assets
under hyperbolically-discounted preferences in an incomplete financial market. Gul and Pesendor-
fer (2001, 2004a, 2004b) and Dekel, Lipman, and Rustichini (2001, 2009) provide the axiomatic
foundation for time-inconsistent preferences in which commitment devices are valued. Béabou and
Tirole (2002, 2004) show that self-memory selection or self-deception can be used as commitment
devices under quasi-hyperbolic discounting. Amador et al. (2006) introduce a time-inconsistent
model where the individual faces unverifiable taste shocks. In their model, they showed a partial
commitment contract that guarantees that both flexibility and commitment incentives are optimal.

4A liquid asset in this paper represents savings in the typical consumption-savings model. To
distinguish that from illiquid commitment tools, which are frequently mentioned in the hyperbolic
discounting literature, we often use the term liquid assets instead of savings.



the income effect can have a substantial impact on consumers’ savings decisions.

For liquid assets to be a commitment device in the consumption-savings decision
model, the following two conditions should be satisfied. First, the consumer should be
willing to pay for the device more than its direct benefit (marginal utility). Second,
the device should affect the future self’s budget set. This paper shows that the two
conditions are satisfied with liquid assets, so it can be considered a commitment device
in a quasi-hyperbolic discounting model. We explain the mechanism of how liquid
savings can be used as a commitment tool in a typical three-period consumption-
savings model. The intuition for the existence of a positive commitment incentive
from liquid savings is as follows. The consumer in the current period (period 1) with
self-control problems knows that her future self (period 2) will save too little. However,
if the period-2 self has higher financial income, she will save more through the income
effect. Therefore, the period-1 current self will have a commitment incentive to save
more to increase period-2 financial income, which will induce the period-2 self to save
more.’

This income effect shows a clear logic of how the liquid asset can be a commitment
tool. Nevertheless, this commitment incentive has been ignored in the literature,
which might be that previous (-0 quasi-hyperbolic model is constructed based on the
time invariance of the value of 5. In the -6 model, the current self’s hyperbolic
discounting factor (/) is the myopia parameter. However, from the current self’s
perspective, the future self’s discounting factor () is unrelated to the current self’s
preferences, but represents the future self’s self-control problem. To distinguish a
myopic preference from a self-control problem, we allow the hyperbolic discounting
parameters to be time variant. Specifically, in the three-period model, the hyperbolic
discounting parameter for the period-1 self is $; but the period-2 self’s parameter
is fy. With this setting, it is a natural outcome that as [, decreases (i.e., as the
consumer behaves more myopically), savings decrease. However, this paper shows
that the impact of 3, on the first-period savings is the opposite to that of ;.

For the current self, the lower value of 3, means that the future self (period-2
self) has more severe self-control problems. When the current self expects a future
self-control problem, which results in low levels of period-2 savings, she will have a

commitment incentive to increase period-1 savings. Increased period-1 savings will

5This income effect also increases period-2 consumption, which is not a favorable situation for
the period-1 self. Therefore, the liquid asset is a less perfect commitment tool than illiquid assets.



increase her period-2 financial income, which has a positive impact on period-2 savings
through the income effect. Specifically, our example in section 2 shows that period-1
savings under myopic discounting (i.e., 5,3, < 0) can be even higher than that of
exponential discounting (i.e., 8, 85 = 1), which is very different from the conventional
understanding of an undersavings problem. This paper shows that the high savings
with myopic discounting are brought by the commitment incentive (due to low values
of 3,) instead of myopia (due to low values of 3;.)"

The distinction between myopia and commitment effects is well understood from
the Euler equation. We modified the Euler equation to present an inverse savings
demand function. This paper indicates that if §, < 1 (the consumer has a self-
control problem), the Euler equation has two terms: one (myopic effect) is the same
as the typical time-consistent Euler equation and the other (commitment effect) is the
additional term from the self-control problem. Both terms have a positive impact on
savings demand but the second term (commitment effect) disappears if the consumer
has no self-control problem (i.e., 8, = 1).

The commitment inventive in this paper could look similar to the sophistica-
tion effect analyzed in O’Donoghue and Rabin (1999) but it does not. They show
that sophistication mitigates procrastination but exacerbates preproperation in their
discrete-choice model. Applying their results to the consumption-savings model, it
should be concluded more savings are realized when there is a higher degree of a
self-control problem. However, that could be incorrect in the consumption-savings
model as shown in this paper. O’Donoghue and Rabin’s (1999) model has some lim-
itations in understanding the consumption-savings behavior under quasi-hyperbolic
discounting. Specifically, the decision in O’Donoghue and Rabin (1999) is discrete
(do it now or delay), which does not directly affect the payoffs in the following peri-
ods. However, in the consumption-savings model, increasing savings today increases
the financial wealth, which increases the space of subsequent consumption-savings
decisions.

Although we use a heterogeneous hyperbolic-discounting model to distinguish the

6Based on conventional understanding of the myopia-oriented time-inconsistent problem, the
myopic discounting factor always causes undersavings problems. One simple way to evaluate the
degree of under-savings is to compare the hyperbolic economy with § < 1 and the corresponding
exponential economy with § = 1. It is well-known and naturally believed that all periods’ savings
under hyperbolic discounting are lower than those under exponential discounting. See Harris and
Laibson (2001) and Diamond and Koszegi (2003).



two effects, our analysis can also be applied to the steady-state 5-0 model. Laibson
(1997) introduced the steady-state model to estimate the negative impact of hyper-
bolic consumption-savings patterns on welfare. In the infinite period model, we derive
the Euler equation by assuming that the current self has the discounting factor with
£, and all future selves have the discounting factor 3,. From the Euler equation of the
steady-state, we show that around 29% of the price value of savings can be attributed
to a commitment incentive. In this analysis, we assume g = 3, = 3, = 0.7, which is
a commonly used hyperbolic discounting factor in macroeconomics.

The channel of using savings as a commitment device is the income effect. It is
well-known that with lower intertemporal elasticity of substitution (IES), the income
effect affects the consumer’s decision more significantly, and this logic is also applied
to our model. A consumer having utility with low IES has a strong desire to balance
consumption between the current and future periods. Thus, the increased period-
2 income (due to the increased period-1 savings) is more effectively transferred to
future wealth by increased period-2 savings. This implies that the commitment value
to liquid assets could be higher when the IES is lower. Therefore, this paper shows
that as the consumer faces worse a self-control problem (i.e., as [, is lower), the
period-1 savings will increase if the IES is less than one.

This myopia-commitment analysis can also explain the well-known result that
naive and sophisticated choices follow the same savings decisions with log-linear utility
function, which is shown by Pollak (1968), Salani¢ and Treich (2006) and Wei and
Selden (2016). Although 3, represents the degree of self-control problem in this paper,
it can also be interpreted as the degree of naivety, as shown in Salanié and Treich
(2006). Therefore, we can conclude that as the consumer becomes more sophisticated
and the IES becomes lower, the commitment incentive becomes stronger in savings
decisions.

The rest of the paper is organized as follows. Section 2 presents a leading example
where the demand for savings under myopic discounting can be even higher than that
under exponential discounting. Section 3 introduces the three-period consumption-
savings model under myopic discounting. Section 4 derives how the myopic and
commitment demand for savings are decomposed and derives the inverse savings
demand function from the two effects. The analysis under constant IES preferences
is conducted in Section 5. The comparison between naive and sophisticated savings

decisions are shown in Section 6. Section 7 introduces the steady-state analysis and



quantitatively derives the commitment value of savings. Section 8 concludes. All the

proofs of propositions are in the Appendices.

2. An example

This section presents a simple example showing how under myopic discounting, the
consumer’s incentive for self-control plays an important role in her savings decisions.
In the popular -0 model, the savings amount under hyperbolic discounting has been
compared to that under exponential discounting with § = 1. It has been shown
that under a constant IES utility function with hyperbolic discounting, the savings
amounts in all periods with § < 1 are always lower than that under exponential
discounting with $ = 1 (see Laibson 1997, Harris and Laibson 2001). However, in
this example, by allowing the discounting factors to vary across time, the savings
in the short run under the time-inconsistent model can be even higher than the
corresponding savings in the time-consistent model.

Specifically, in the three period model, we assume that the hyperbolic discounting
factor for the period-1 self is 3; and the hyperbolic discounting factor for the period-2
self is 3,. For the period-1 self, the lower value of 3; means that the utility value of
future consumption is low, so the demand for savings is also low. Therefore, as 3,
decreases, the consumer’s savings decrease. However, the impact of 3, on the savings
decision in period 1 is completely different from that of 3,. The low value of 3, means
that the period-1 self faces more severe self-control problems. When f, is low, the
period-2 self will save less, which results in low period-3 consumption and low welfare
for the period-1 self. If the period-1 self expects that the period-2 self will save less
(due to low value of f3,), the period-1 self will want to increase period-1 savings, as it
will induce high period-2 savings through the income effect. The following example
shows this effect.

In this example, we assume that 6 = 1 and the gross interest rate is one. The
period utility is u(c) = —c~!. The hyperbolic discounting factors in periods 1 and
2 are 3, and f3,, respectively. We assume the consumer has one unit of income in
period 1 but no income in periods 2 and 3. In a complete market, the lifetime budget
constraint is ¢; + ¢3 + ¢ = 1. Then, in a complete market, the savings should satisfy

c1 =1—51, co =81 — 89 and c3 = 5. The consumer is fully sophisticated. In period



2, given the savings in period 1, the consumer solves the following problem:

max u(sg — $1) + Bau(sa). (1)

sa|s1

From the maximization problem, we have the following savings decision function:

R
82(81)_1—1—\/5_21. (2)

In period 1, the maximization problem with the savings decision function is
max u(l — s1) + Bru(st — 52(s1)) + Bru(Sa(s1)). (3)

From the maximization problem in Eq. (3), the period-1 savings level in terms of

(61762) is

By (1+ VB = /By (L4 /B VB,
51(1+\/5_2)2—\/5_2 .

In the time-inconsistent model where 3; = 3, = 1, the optimal savings level in period

51 (51752) =

(4)

1is s; = 2/3, as the consumer wants to balance consumption across the three periods.

In the case where 3, = 3, = 3, we have

61/4+/83/4
1 +61/4+63/4

51.8.6) = <3 )
which means that the savings amount in the typical hyperbolic discounting model
cannot exceed that in the long-term exponential economy. As shown in Laibson
(1996, 1997) and Harris and Laibson (2001), with a CES preference and constant
hyperbolic discounting factor, the savings amount cannot exceed that under the long-
term exponential preferences. However, in the case where hyperbolic discounting
factors are not constant over time (i.e., 5, # 5) and [, is sufficiently low, this
example shows that the savings amount in period 1 can be even higher than that
under the long-term exponential economy (i.e., 5, = 5 = 1).

Specifically, the savings in Eq. (4) increase as [, decreases, which means that



increased the future self’s myopia increases the current self’s savings.” We interpret
this effect as the commitment incentive in this paper.

For example, where (3,,,) = (0.8,0.8), we have s; (0.8,0.8) = 0.64 which is
lower than s; (1,1) = 0.67. However, for lower values of 3,, for example 5, = 0.1, we
have s (0.8,0.1) = 0.68, which is higher than s; (1,1): s; (0.8,0.1) > s;(1,1). This
counter-intuitive result indicates that the savings decision under myopic discounting
preferences cannot be explained only by the myopia effect. There is another effect that
significantly affects savings decisions: the commitment effect, which is determined by

the future self’s myopia discounting factor.

3. The model

This section introduces a three-period consumption-savings decision model with
hyperbolic discounting. In this model, hyperbolic discounting factors are not constant
over time. However, this does not necessarily mean that the two different period
selves have different degrees of myopia. This distinction is necessary to distinguish
the myopic effect governed by [, from the self-control effect governed by /3, in the
consumer’s consumption-savings decisions. In period 1, the consumer is endowed with
wealth y and makes decisions on consumption and savings. In period 2, she decides
on period-2 consumption and savings. In period 3, she consumes all her wealth. In a

complete market, the following is the set of budget constraints:

c1+psi =y (6)
Co + S9 — R281 (7)
C3 = R382 (8)

where s; and s, are the amount of savings in periods 1 and 2, respectively, and R,
and Rj are the exogenously given gross interest rates in periods 2 and 3, respectively.

In Eq (6), p represents the price of savings, which should be equal to 1. The reason

"Specifically, we have

9s1 (B4, 5) _ *\/571(1 — \/672)
%2 gyt (VB + 8" + VBiB)

< 0.



we assume the price of savings as a variable p rather than fixed at 1 is to separately
quantify the impact of the myopia and self-control effects on the demand for savings,
which is expressed as a relationship between s; and p.

We assume u(c) is strictly increasing, strictly concave, twice-continuously differen-
tiable, lim. o u/(¢) = oo and lim._,« v/(c¢) = 0. The lifetime utility of the consumer’s

self in period 1 is represented by
Ur(c1, ¢a,¢3) = u(cr) + B10u (ea) + B10%u (cs) (9)

where (3, € (0, 1] is the myopic discounting factor for the period-1 self and ¢ € (0,1)
is a long-term discounting factor.

The preference of the consumer’s self in period 2 is

Us(ca, c3) = u(c2) + By0u (c3), (10)

where /3, € (0, 1] is the myopic discounting factor for the period-2 self. Where 3; = 35,

this model is the same as the typical hyperbolic discounting function.

4. Commitment and myopic values

In this section, we show how commitment and myopia values are attributed in
the demand price of savings. We assume that the consumer is sophisticated, and
thus she foresees that she will have self-control problems in the future. Thus, the
consumer’s decision represents a subgame-perfect equilibrium, which can be derived
by backward induction. Accordingly, in the second period, the sophisticated consumer
chooses s, given s, to maximize U,. Therefore, s, can be written as a function of
s1, that is, s9(s1). Substituting the period-2 savings function sy(s;) into the period-1
maximization problem, we can solve for the period-1 savings (s;). Specifically, in

period 2, the maximization problem is

max u(Raos1 — 89) + Bo0u(R3s2), (11)

and the first-order condition is

—U,(Rgsl - 82) + 526U,<R382>R3 =0. (12)



From Eq. (12), we can derive the period-2 savings in terms of s;, that is, ss(s7).

Plugging ss(s1) into the first-period maximization problem, we have

max u(y — ps1) + Br0u(Rasy — sa(s1)) + B16°u(Rssa(s1)), (13)

whose first-order condition is

—pu/ (1) + B100 (c2) {Ra — sh(s1)} + 3,0°1 (c3) R3sh(s1) = 0, (14)

which is, in turn, equivalent to

pu'(c1) = Raf16u’(c2) — 8100 (ca)s5(s1) + R35152U’(C3)5/2(31) (15)
where
u”(c2) + B0 R3u" (c3)

>0
'LL”(CQ)RQ

sy(s1) =
From Egs. (12) and (15), we have
pu'(e1) = RafBy0u/(c2) + sy(s1)u'(c3) R30° By (1 = By)
From Eq. (77), we have

u'(cz) u'(c3)

= fB0R 6% (1 — B3,) Rsst 16
p \61 2U/<Cl>/ +B1 ( 62) 382(81)’1}/(61)1 ( )
Myopia v;Tue:M(sl) Commitmer;urvalue:C(sl)

In Eq. (16), the value of savings (p) is decomposed into two terms. The first
term is the myopia effect, which is directly controlled by the myopic parameter (5,).
The second term is what we refer to as the commitment effect. The savings (s;)
can be a commitment device in the sense that the current self is willing to pay for
purchasing liquid assets more than the marginal benefit (that is the myopia value,
M (s1)) to affect the future self’s budget constraint. The impact of 5, and 3, on the
commitment incentive would be the opposite.

The commitment effect is increasing in 3, but decreasing in (5,. As [3; decreases
(i.e., higher myopia), the consumer has a weaker incentive to value future consump-
tions, so the commitment incentive for savings decreases. However, as (3, decreases

(i.e., having more serious self-control problem), the consumer has a stronger incen-
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Figure 1: Myopic and commitment values in the inverse savings demand function in

the example of y = 1; 8, =0.8;3, =0.2; Ry = 1; R3 = 1,6 = 0.2;0 = 1.

tive to overcome the future under-consumption problem by saving more. In equation
(16), if 5, =1 (i.e., if there is no incentive for consumer 1 to make a commitment),
the equation is the same as the typical Euler equation defined by the intertemporal

discounting factor £,d. From Eq. (16), we have the following proposition:

Proposition 1 The commitment value is positive if and only if B, < 1. If By =1,
a commitment value does not exist, so the Euler equation in Eq. (16) is the same as

the typical time-consistent Euler equation with discounting factor 0.

Proposition 1 indicates that the consumer’s savings decisions are determined by
the myopia effect and self-control effect if 5, < 1. To summarize, (1) a lower myopia
parameter ((3,) has a negative impact on the demand for savings through both myopia
and commitment effects; and (2) a lower self-control parameter (3,) has a positive
impact on the demand for savings through the commitment effect.

From Eq. (16), we can define the savings demand function as a relationship
between p and s;. Figure 1 plots the inverse savings demand curve for the example
of y =18, = 08,8, = 02; Ry, = 1;R3 = 1;¢ = 0.2;0 = 1, where ¢ represents
the constant intertemporal elasticity of substitution. In this example, we can derive
1, ¢o and c3 as functions of s; and substitute them into Eq. (16) to obtain the savings

demand function. The lower demand function in Figure 1 is from the myopic demand,

10



that is, p = B;0Rau/(c2)/u/(c1) and the higher demand function is directly from Eq.
(16).8

This section shows that consumers’ saving decisions are affected by both the my-
opia effect and the commitment effect. However, the result does not show the relative
magnitudes of these two effects. Because ¢;, ¢y and ¢y in Eq. (16) are affected by
B4, we do not know how myopia and self-control are separately impacted by 3. The
only information we have from Eq. (16) is that where §, = 1, there is no self-control
effect. Therefore, in the following section, with constant IES utility functions, we

analytically investigate how the two channels are affected by [3,.

5. Constant intertemporal elasticity of substitu-
tion

In the analysis of the impact of hyperbolic discounting on savings and welfare, the
constant IES preference has been in a canonical form. In this section, we use constant
IES utility functions and analyze how myopia and commitment values are separately
affected by the consumer’s self-control problem. This analysis also broadens our
understanding of how the elasticity of substitution and the degree of naivety affect

consumption-savings decisions. Specifically, we assume that

C1—1/5_1 .
c—— if 1
u(c) — { 1-1/e 1 9 7é ’ (17)

Ine if e=1.

8Specifically, in the equation, we have ¢; = 1 — s1,¢0 = (Ry — a)s1,c3 = Rsasy so the inverse
demand curves are from

1—s 1/e
Myopia value = 5,0 Rz (M) ,

1/e
1—
Commitment value = 6°3; (1 — 8,) Rsa ( Sl) ,

where

a=Ra(By0R3)°/ (R + (B20R3)°).

11



where € > 0 represents the intertemporal elasticity of substitution.” Under constant

IES preferences, Eq. (16) can be expressed in terms of s; and [3,:

1—81 )1/5 ) < 1—81 >1/E
= [B,0R +9 11— Rsa —_— 18
p \61 2((R2—O/<52))81 ) . /81( 62) 3 (62) Rga/(/82)8]_ ) ( )
Myopg effect Commitn‘lrent effect
where

_ Ra(By0Rs)°
(1(62) - R3+<525R3)5'

For the mathematical derivation of Eq. (18), see the Appendix. The right-hand side

of Eq. (18) is a function of s;, in which ¢y and ¢3 do not appear. Therefore, Eq.

(18) is interpreted as an inverse savings-demand function, representing a relationship
between p and s;. The following proposition shows how the myopia and commitment

values are attributed in the savings demand as (3, is changing.

Proposition 2 With constant IES preferences, where e < 1/(1—03,), as B, decreases
(i.e., the consumer faces a more serious self-control problem), the myopia value de-

creases and the commitment value increases. That is, for any value of s1 € (0,y), we

have oM (P )

2; 51
—=">0 19
3, (19)

80(62; 31)
and ————= < 0, 20
a3, (20)
where

1-— S1 1/e
M(62;81) = 516R2 ( ))81)

. 1/e
and C(By;51) = 05, (1 — By) Rsa (B,) (W) :

Proposition 2 implies that as 3, decreases, the increased commitment value gen-
erally makes the inverse saving function shift to the right while the decreased myopic
value make it shift to the left. The condition ¢ < 1/(1— f3,) indicates that the results

Tf € is greater than one, the limit conditions (i.e., lim._ou/(c) = oo and lim._,o u/(c) = 0) in
Section 3 would be violated. However, the conditions are necessary to ensure interior solutions. As
long as interior solutions exist, all the results in this paper hold without limit conditions. Therefore,
in this section, we assume that equilibrium exists as a form of interior solutions.

12



hold if the IES is smaller than one or if 3, is close to one. Given that most empir-
ical studies indicate that the value of IES is less than one, the result in Proposition
2 implies that the commitment value actually increases with a stronger self-control
problem. !’

As indicated in the previous section, the commitment value in Eq. (20) increases
with decreased 3,. However, the impact of 3, on the myopic value is the opposite to
that on the commitment value, as shown in Eq. (19). As /3, decreases, the period-2
self would be more myopic and thus period-2 consumption would be high. This high
amount of period-2 consumption decreases the marginal value of period-1 savings, so
the myopic value decreases.

Because the direction of the two effects is the opposite, we do not know whether
a stronger self-control problem increases or decreases period-1 savings. In this paper,
we show that elasticity of substitution plays an important role in determining the

magnitude of the myopia and self-control effect.

Proposition 3 For any value of s1 € (0,y), we have

OM (55; $1) n 9C(By; 51)

> 0 (respectively, =0, <0
95, 0P, ( ! /

if e <1 (respectively, =1, >1)

Proposition 3 indicates that the savings inverse demand function shifts to the right
(the left) as (5 decreases if the IES is smaller (larger) than one. For a lower IES,
the period-1 self has a strong incentive to commit to future consumption. Therefore,
for the lower elasticity of substitution, as 3, decreases, the commitment incentive
increases substantially.

Proposition 3 also shows that the decreased (3, can increase savings only if the
IES is lower than one. In an extreme case where the IES is zero, the myopia effect
converges to zero and only the commitment effect remains. Since empirical results

in both micro and macroeconomics suggest that the IES is lower than 1,!! the result

10When the IES is very high and 35 is very low, the commitment value can decrease with decreased
By. If By is very low and the utility is highly substitution-oriented, the period-2 self will not
effectively increase period-2 savings through higher period-1 savings, so the commitment value is
not decreasing in 5. One example of this case is that ¢ = 10,8, = 0.1,6 = 1, R3 = 3. We can also
consider the case of perfect substitution. If 55 is very low, the period-2 self would not save at all
(because period-3 consumption does not contribute intertemporal utility) thus there would be no
commitment incentive.

1See Hall (1988), Eichenbaum and Hansen (1990), and Ogaki and Reinhart (1998).
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shows that as the consumer has a more serious self-control problem, the commitment

incentive for savings is more dominant than the myopia effect.

6. Naive and sophisticated choices

It is well known that with log-linear preferences, period-1 savings levels for the
naive and sophisticated consumers are the same (see Pollak, 1968 and Selden and
Wei, 2016). Naive or partially naive people do not fully realize their self-control
problems. O’Donoghue and Rabin (2001) specifically model naive choices as assuming
the naive person believes that her future hyperbolic discounting parameter is BZ,
which is larger than the future self’s actual hyperbolic parameter §,. If Bz =1
(respectively, B2 € (By 1), 52 = (,), the consumer behaves fully naively (respectively,
partially naively, and sophisticatedly). The naive person’s maximization problem in
Egs. (11) and (13) is defined with 3, instead of 35, so the Euler equation of Eq. (16)

can be replaced with

RQUI(EQ) 2 ~ s (31)R3u’(53)
— 3,022 5 (1 - ) 2 , 21
b \61 u/(Cl) J"’\ 61 62 Ul<01) ) ( )
Myopi‘c,valuc Commitn\;cnt value

where ¢, ¢3 and S} (s1) are the period-1 self’s misestimated consumption and savings
based on the consumer’s erroneous belief under BQ. Because Eq. (21) is the same as
Eq. (16) if B, = f,, the result in Proposition 3 can be directly applied to this case.
Proposition 3 shows that as 3, decreases, the demand for savings increases if the IES
is lower than one. This implies that the sophisticated savings demand (with 3,) is
higher than the naive consumer’s savings demand (with EQ that is higher than (,).
Therefore, we can infer that the sophisticated consumer (with ,) saves more than
the naive consumer (with Bz) if the IES is lower than one because we have 3, < [3,.

Proposition 3 also implies that if the IES is one, the naive and sophisticated period-
1 savings decisions always agree. The fully naive consumer does not realize need for
commitment, so the commitment value is zero. However, the naive consumer’s myopia
value is higher than the sophisticated consumer. This is because the naive consumer
underestimates her period-2 consumption as she believes that her future self will save
more than she actually does. The underestimation of period-2 consumption makes

the marginal value of savings to be high in Eq. (21), so the myopia value is high.
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If TES is one, the opposing effects offset each other, so the naive and sophisticated
choices agree.

These findings about the IES and the degree of naivety are not new in this paper
since they have been shown in many previous works (See Pollak 1968, Salanié and
Treich 2006, Selden and Wei 2016). The new finding in this paper shows how the
commitment effect has a role in determining the equilibrium savings of sophisticated
and naive decisions for different levels of IES. From the result in this section, we can
conclude that the commitment incentive for liquid savings increases as the consumer

becomes more sophisticated and the IES becomes lower.

7. Steady-state analysis

In this section, we investigate how much of the commitment value is attributed to
the value of the liquid financial asset using Laibson’s (1997) steady state approach.

The representative consumer’s budget constraint in year ¢ is
¢t + ke = Riky + hy, (22)

where h; is labor income and k; is the capital amount in period ¢. The same as in
Laibson (1997), the budget constraint in (22) naturally implies that capital is liquid.
By the dynamic budget constraint and the capital market clearing conditions, in

equilibrium we have

Riky + hy = fi(ke) 4+ (1 — d) ky, (23)
Ry = f{(k) + (1 —d), (24)

and
he = fo(ke) — Fofi(Ke), (25)

where f;(k;) is the per-capita production function in year t, and d is the capital
depreciation rate.

We assume that the hyperbolic discounting factor for the current self is different
from the future selves. Similar to the three-period model in this paper, the current
self in period ¢’s hyperbolic discounting factor is /3, , while all future selves’ factor is
B5. This distinction between 3, and f3, is not to assume that 5, # 3,, but to compute

the myopia and commitment effects separately. In this section, we assume that 3, =
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By = 0.7, following Angeletos et al. (2001) and Laibson, Repetto, and Tobacman
(2007).

We assume that the representative consumer lives T periods, which can be ex-
tended to infinite periods (i.e., 7' — o00) in the steady-state analysis. Assuming that
period t is the current period, the self t’s intertemporal utility under quasi-hyperbolic

time preferences is

T—t

U (cr, cpn, - or) = ule) + By Y 'u(c), (26)

i=1
and the intertemporal utilities of self t + ¢ for i = 1,2,3,...,T are

T—t—1
U(t+’L) (Ct+i7 Craitty--- ;CT> = u(Ct+i) + 62 Z 5iu(ct+i+j)7

j=1
where u(c) is constant IES utility functions:

i p> 1,
ug=q oo
Inc if p=1.

where p is the inverse value of IES. In this economy, we can derive the following Euler

equation:

Proposition 4 In the hyperbolic economy with B, and (5, the Fuler equation is
characterized as
/ - / 1- 52 !
u'(cr) = By Re10u () + 5, B1Ri10u () (1 — Agya) (27)
2
where Ay € (0,1) represents the marginal consumption with respect to wealth in

period t.

Eq. (27) in Proposition 4 is the Euler equation for the multiple-period model with
constant IES preferences and heterogenous hyperbolic factors. In Proposition 4, the
value of savings (capital holding) is divided into the myopia and the commitment
values. If there is no self-control problem (i.e., 8, = 1), Eq. (27) is the same as the

typical time-consistent Euler equation.
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Next, we need to derive the steady state level of the gross interest rates (R;;1) and
the marginal consumption with respect to wealth (A;;1) to quantitatively analyze the
impact of commitment incentives. Laibson (1996) (see Eq. (8) at Page 11) shows that
with constant TES utility functions, consumption in each period can be characterized
by the following rule:

¢t = Ap_ Wi, (28)

where W, is the sum of the financial asset and the discounted value of future labor

income. From Eg. (27) and (28), we have the sequence {);}~, given by the recursion

Ai
BRI (0 (B=1)+ 1)) +

)‘H-l = ( and )\0 =1. (29)

where § = f; = (5. In Eq. (29), we can assume that R is the real interest rate
under the assumption that the consumer faces the same interest rate in each period
Ry = Ry = ... = Ryp. This assumption can be used in the steady-state analysis when
T is arbitrarily large (T — oo). Under this assumption, ¢, converges to A*W , where
A (= \; = Ajq1) can be derived from Eq. (29):

N =1-6 R\ (B—1)+1"". (30)

We consider a standard Cobb-Douglas production function, where K;, N;, and
A; represents aggregate capital, aggregate labor, and exogenous productivity, respec-
tively:

Y, = Ath‘Ntlfa, (31)

where k; = K;/N;. Labor is assumed to be supplied inelastically, so without loss of
generality, we assume that N; = 1 so that fi(k) = Aky. A, is assumed to grow
exogenously at the rate g4. Therefore, in the steady state, capital and output must
grow at rate g4/(1 — «) = g. With proportional consumption, the steady state
condition is

R(1— X") = exp(g). (32)

From FEgs. (30) and (32), we have the following steady-state equilibrium:

exp(pg) = BOR + (1 — B) dexp(g). (33)
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From the Cobb-Douglas production function of Eq. (31), the real gross interest rate

R in the steady state is expressed as

Y,
= o — — 1. 4
R oth d+ (34)

For a lower value of 3, R should be higher from FEq. (33) and the capital-output
ratio should be lower from Eg. (34). As Laibson (1997) showed, with oo = 0.36,d =
0.08,9 =0.02, 3 =1, and K/Y = 3, Eq. (33) becomes

exp(p(0.02)) = §(1.04). (35)
Substituting Fq. (35) into Egq. (33), we have
1.04 = BR+ (1 — B) > (36)

which is independent of p and §. From Fq. (36), the steady state gross interest rate
is R = 1.04849 if § = 0.7. Plugging R = 1.04849 into Eq. (34), we can obtain the
steady-state capital-to-output ratio:

Kt «

— = —— = 2.8018. 37

v, R-(-d) (37)
Because we have Y; = A, K, from Eq. (37) we can obtain the steady-state capital

and output levels:

1/(1-a)
K, = (Atm> = 5.0017A}%6% (38)
Y, = 1.7852A}-°6%%, (39)

Substituting Eqs. (38), (39) and A\*(= Ayy1) into Eq. (27), at the steady-state we

have

' (cre1) W' (cer1)
= R)————= 1—-0)R6(1 —\") ————=. 40
p= RS - e (40)
Myopic value =M (K¢41) Commitment :;;uo =C(Kt41)
where
¢ = 1.7852A1°% 4 (1 — d)5.0017A} %% — K, 4, (41)
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Figure 2: Myopic and commitment values in the choice of K;; in a steady state
where A, = e~ 1.

cor1 = REii1 + hyyr — Ky and by = A4 K2 /(1 — @) (42)

Plotting the savings (capital-holding) demand function of Eq. (40) with A; = e/~
we have the following demand curve described in Figure 2. The solid curve represents
the inverse capital demand function, p = M (K1) + C(K;41), and the dashed curve
represents the demand from myopia effect, p = M(K;,1). This numerical analysis
from Eqs. (40-42) shows that in the steady state, 29% of the value of savings originates

from the commitment incentive.'?

8. Conclusion

This paper shows that under myopic preferences, the consumer has a commitment
incentive to increase savings for the purpose of commitment. In the leading example,
we show that this incentive can significantly increase savings, which can be even larger
than the savings under exponential discounting with § = 1. This finding is quite
different from our conventional understanding of hyperbolic discounting. Previous

research in this area has focused on the pure myopia effect of a hyperbolic discounting

12In this steady-state analysis, the commitment value is not affected by the elasticity-of-
substitution since the calibration is designed such that the capital-to-output ratio is invariant to
the elasticity-of-substitution. Specifically, as the elasticity-of-substitution decreases, the long-term
discounting factor d increases to make the savings amount constant (See Eq. (35)).
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factor. Our finding is that the current hyperbolic discounting factor can be a measure
of myopia, but the future self’s hyperbolic discounting factor should be interpreted
as future self-control problems. Therefore, as the future self’s hyperbolic discounting
factor decreases, the consumer can increase current savings through commitment
incentives. Using Laibson’s steady-state analysis, we show that this commitment
incentive significantly affects consumption-savings decisions.

To effectively show the distinct effects of myopia and self-control, we assume that
the hyperbolic discounting factors can change over time. Although this paper is agnos-
tic to the idea of changing self-control at consumer ages, there are empirical evidence
(See Ameriks et al., 2007) and implication for tax policies under this assumption (See
Pavoni and Yazici, 2017 and Kang and Ye, 2019). The results in this paper show that
when self-control changes over time, the consumer’s saving decision can be distinct
from our previous understanding about the hyperbolic economy. Thus, further stud-
ies on tax polices and other applications could result in very distinct outcomes under

the assumption of changing self-control.

Appendices

A. Proof of Proposition 1

In Eq. (16), if 5, # 1, the commitment value is positive since we have s} (s1) > 0.
If 5, = 1, Eq. (16) becomes p = 5,0 Rau/(¢2) /' (¢1), which is equivalent to the typical

Euler equation with discounting factor 3,4 :

pu'(c1) = B10 Rt (¢2).

20



B. Proof of Proposition 2
With constant IES preferences, the myopia value is computed as

. . RQU’(CQ) . C1 1/e
M) = 10 ) — o, ()

- 616(32 - fiﬂz))l/e (1 ;181>1/€' )

where

_ Ra(By0R5)°
1) = Rt (e

The commitment value is computed as

C(s1:82) = 6°By (1 = By) W

— 5 1/e
= 5000 = ) (s ) (1) (44)

With both the myopia and commitment effect, there is a common term (%) 1/6.
Thus, to understand how 3, affects the equilibrium savings, we need to compare how
B,0Ry(Ry — a(B,))™Y/% and $,6% (1 — B,) (Rsa (8,))" "¢ in Eqs. (43) and (44) are
affected by 3,. Differentiating M (s1; 35) and C(sy; 55) with respect to 35, we have

aM(Sl;ﬁz)/ <1 - 51)1/5 _ ﬂt(@) (i?’))ll >0, (45)

9P, S1  ByRs Rs + t(5,
and
86(51352)/ (1 - 51)1/5
9P, S1
= 56, (Rya (5,)"V° + (1 - %) P8, (1~ 8y) (aa (5,))' " a2 )
LA i D)VYE (L4 (8, = )2) Ry + Bat(52)) (46)
Z o 07 -
where

t(By) = (B20Rs)".
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Eq. (45) shows that the myopia value increases in 3, for given values of (¢, 3, 35,9, Ra, R3).
Eq. (46) indicates that the sufficient condition for the commitment value to decrease
in By is (14 (B — 1)) > 0.

C. Proof of Proposition 3

From the proof of Proposition 2, we can define the function V(g) from M (s1; (35)
and C(s1;5,) as

M (s1;85)/98y _ Ry"((1—e) Ry + By R + By (Ba0Rs)°)
0C (s1; 62)/852 R33, (R3 + (625]%3)6)

_ B ((1—2) Ry + B, (Rse + (8,0Rs)"))

Rs3f3, (Rs + (820 R3)7) ’

Vie) = (47)

From Eq. (47), we know that V(¢) is 1 if ¢ = 1. Differentiating V'(¢) with respect to

€, we have
R?:H-l/a
B2%(Rs + (820 R3)7)? .
{(R3 + (B20R3)")((1 — (1 — By)e) Rs + B3 (B20113)°) log(Rs)
(1= B2)e”Rs (Rs + (B20R3)" + (1 — €) (820 Rs)" log (8,0 Rs)) },

Vie)=—

which is zero (strictly negative) if ¢ = 1 (> 1). This implies that for any value of
s1 € (0,y), we have

OM (54; s1) I 9C(By; 51)
a0, 9P,

> 0 (resp, =0, <0)

if e <1 (resp, =1, >1)

D. Proof of Proposition 4

We adopt Laibson’s (1996) “partial equilibrium” approach to solve the steady state

equilibrium. There are T periods. In each period, the consumer makes consumption-
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savings decisions. Self ¢ chooses consumption for period ¢ as
0<c < Wy,
and, then, self ¢t + 1’s wealth is
Wi = R(W, — )

where R is the gross real return on wealth, which is constant over time. Wealth W,
represents the sum of current financial wealth and the present value of the stream
of labor income, as Laibson (1996 and 1997) defined. With the tax policy model,
W, also includes the present value of the stream of lump-sum subsidies and taxes.
This finite-period partial equilibrium model can be connected to the infinite-period
steady-state model.

The budget constraint in period t is
c + kt+1 = Rtkt + ht (48)

where h; is the labor income. In the partial equilibrium model, h; is considered a
constant. The marginal benefit of postponing A units of consumption generates a

stream of utility perturbations from the perspective of self . At time ¢, the utility

value of
A/ (¢y) (49)
is lost. At time ¢ + 1 3
Ci+1 /
) RA 50
B4 Wi u (Ct—l—l) ( )
Octj

utilities are gained. Note that 3 - is the marginal consumption rate in period ¢+ j.

Wiy
At time t + 2, the utility gain is

5Ct+2 (1 act—i—l

52 —
g OWiya oW1

> R*Au/(ct12). (51)

At time t + 4, the utility gain is

Ociti i1 ey j i AT
! T 1-— 'A i) 2
615 aWtJri |: j=1 ( aWt+j R'Au (CH-Z) (5 )
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From Eq. (49) and (52), the Euler equation from the decision of period ¢’ self is

ey i—1 Ot i, !
5 ‘' (1——=—— || R i) 53
=6 Z s { ( o )| ) (53)
B aCtJrl /
= BléaWt+1 RU (Ct+1)

4 < dciy1 > 3 Tirl sitt GCt1ti OCi1+i {H’il (1 . OCti1+j >} Ri“u’(c 1)
W1 ) F Wi | 77 OWei14s e
The Euler equation from the decision of the period t + 1’ self is
T—(t+1)

' i OCii1ti i—1 Octy1+j i
W) =0y Y 0 Wsr 11 {szl 1- I R'u'(crir4d). (54)

i=1

From Fq. (53) and (54), we derive the following Euler equation on the unique equi-
librium path:

I o 8Ct+1 / — aCt—H 615R /
() = 6168Wt+1Ru (ci1) + (1 8VVt+1) 5, u'(Cey1) (55)
_ , aCt+1 61 _ aCt+1
= Rou'(cr41) {51 Wi 52 ! Wiy )]’

which is the same as Eq. (27), where aavcvt—:l =ANij1.
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